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WMR Control Via Dynamic Feedback Linearization:
Design, Implementation, and Experimental Validation

Giuseppe OriolpMember, IEEEAlessandro De LugaMember, IEEEand Marilena Vendittelli

Abstract—The subject of this paper is the motion control that the problem is truly nonlinear; linear control is ineffective,
problem of wheeled mobile robots (WMRSs) in environments gnd innovative design techniques are needed.
without obstacles. With reference to the popular unicycle kine- After a preliminary attempt at designing local controllers,

matics, it is shown that dynamic feedback linearization is an the traiect tracki bl loball ved in 151 b
efficient design tool leading to a solution simultaneously valid for e trajectory tracking problem was globally solved in [S] by

both trajectory tracking and setpoint regulation problems. The USing a nonlinear feedback law, and independently in [6] and
implementation of this approach on the laboratory prototype [7]through the use of dynamic feedback linearization. A recur-
SuperMARIO, a two-wheel differentially driven mobile robot, is  sive technique for trajectory tracking of nonholonomic systems
described in detail. To assess the quality of the proposed controller, in chained form can also be derived from the backstepping para-
we compare its performance with that of several existing control . S . .

digm [8]. As for posture stabilization, both discontinuous and/or

techniques in a number of experiments. The obtained results ™~ .
provide useful guidelines for WMR control designers. time-varying feedback controllers have been proposed. Smooth

Index Terms—Asymptotic stability, feedback linearization, mo- tlmg-vgrylng .Stablllzatlon was plonee.red b.y Samson [3], [10],
bile robots, motion control, nonholonomic systems, nonlinear sys- while discontinuous control was used in various forms, see, e.g.,
tems, tracking. [11]-[15].

Although the problem of controlling certain classes of non-
holonomic systems is virtually solved from a theoretical view-
point, for the WMR control designer there are still many is-

HEELED mobile robots (WMRs) are increasinglysues that deserve further attention. For example, a drawback

present in industrial and service robotics, particularlgf many posture stabilizing controllers is a poor transient per-
when autonomous motion capabiliies are required oviarmance. Another difficulty which has often been overlooked
reasonably smooth grounds and surfaces. Several mobiliythe necessity of using two different control laws for trajec-
configurations (wheel number and type, their location arfdry tracking and posture stabilization. This is particularly un-
actuation, single- or multibody vehicle structure) can baesirable during sensor-based operation, where the robot is ex-
found in the applications, see, e.g., [1]. The most common fpected to switch continuously between the two, or in the exe-
single-body robots are differential drive and synchro drive (bottution of docking maneuvers. Recently, the problem of synthe-
kinematically equivalent to a unicycle), tricycle or car-likesizing controllers which can be used for both control tasks has
drive, and omnidirectional steering. A detailed analytical studyeen explicitly addressed in [16], where exponential tracking
of the kinematics of WMRs is found in [2]. is, however, achieved only for persistently exciting trajectories,

Beyond the obvious relevance in applications, the problemaifid in [17], through an approach similar to Samson’s original
motion planning and control of WMRs has attracted the interégea [9] of obtaining (unfortunately very slow) convergence to
of researchers in view of its theoretical challenges. In fact, thedelesired posture by solving an auxiliary tracking problem for
systems are a typical examplerafnholonomienechanisms [3] a suitably designed trajectory. Other controllers with simulta-
due to the perfect rolling constraints (no longitudinal or lateraleous tracking/stabilization capabilities are those presented in
slipping of the wheels). [18] and [19], where, however, onfyractical stability (i.e., ul-

In the absence of workspace obstacles, the basic motion tatéigte boundedness of the error) is achieved.
assigned to a WMR may be formulated as 1) following a given The objective of this paper is to present a method for solving
trajectory and 2) moving between two robot postures. Fromirajectory tracking as well as posture stabilization problems,
control viewpoint, the peculiar nature of nonholonomic kinédased on the unifying framework of dynamic feedback lin-
matics makes the first problem easier than the second; in facgarization. In particular, we show that the same controller
is known [4] that feedback stabilization at a given posture canrghieves zero error in both cases, provided that simple condi-
be achieved via smooth time-invariant control. This indicaté®ns are satisfied. The control design is carried out for the case

of unicycle kinematics, the most common among WMRs, and
) . . implemented on our prototype SuperMARIO. Its performance
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t Fig. 2. Relevant variables for the unicycle (top view).
~
(b) « Trajectory following A reference point on the robot must
Fig. 1. Basic motion tasks for a WMR. (a) Point-to-point motion. (b) follow a trajectory in the Cartesian space (i.e., a geometric
Trajectory following. path with an associated timing law) starting from a given

initial configuration.

controllers, highlighting potential implementation problems re- Execution of these tasks can be achieved using either feedfor-
lated to kinematic or dynamic nonidealities, e.g., wheel slipvard or feedback control (or a combination of the two); obvi-
page, discretization and quantization of signals, friction, bacRusly, the latter is to be preferred in view of its intrinsic degree
lash, actuator saturation, and dynamics. This is to be regarde@&gobustness. When executed under a feedback strategy, the
a contribution in itself: in fact, while comparative simulations oPint-to-point motion task leads to a regulation control problem
control methods are given in [20] for a unicycle and in [21] fofor a point in the robot state spacepesture stabilizations the
a car-like vehicle, an extensive experimental testing on a singiPression used in this paper. Without loss of generality, the goal
benchmark vehicle was absent in the literature so far. can be taken as the origin of thedimensional robot configu-
This paper is organized as follows. In Section I, we classif{ation space.
the basic control tasks for a WMR. Modeling and control prop- Instead, trajectory following leads naturally to a tracking
erties are summarized in Section Ill, where linearization via dproblem, which may be asymptotic in the presence of an
namic feedback is mainly discussed. In Section 1V, the expeffitial error (i.e., an off-trajectory start for the vehicle). In
mental setup used in our tests is described in detail. the following, the termtrajectory trackingwill be adopted,
After discussing the generation of feedforward commandeéferring to the problem of stabilizing to zeeg = (e., e,),
(Section V-A), a trajectory tracking controller based on feedhe two-dimensional Cartesian error with respect to the position
back linearization is described in Section V-B. Experiment@f @ moving reference robot [see Fig. 1(b)].
results of tracking an eight-shaped trajectory are presented iff he design of posture stabilization laws for nonholonomic
Section V-C; the performance of the method is compared wilystems has to face a serious structural obstruction, that will be
that of a linear and a nonlinear controller, respectively, designéigcussed in Section Ill. As a consequence, opposite to the usual
via approximate linearization along the reference trajectory afguation, tracking is easier than regulation for a nonholonomic
via Lyapunov analysis. WMR. An intuitive explanation of this can be given through a
The use of dynamic feedback linearization for solving postug@mparison between the number of inputs and outputs. For the
stabilization problems is studied in Section VI-A. Experimentalnicycle-like vehicle introduced in Section IlI, two input com-
results for forward and parallel parking tasks are reported ands ¢ andw) are available, while three variables, ¢/, and
Section VI-B; for comparison, the same tasks are executed withare needed to determine its configuration. Thus, regulation
three well-known controllers: a time-varying smooth feedbacRf the WMR posture to a desired configuration implies zeroing
a nonsmooth feedback, and a control law based on polar cdéee independent configuration errors. When tracking a trajec-
dinates transformation. tory, instead, the output, has the same dimension as the input
Finally, in Section VII the obtained results are summarizeand the control problem is square.
and compared in terms of performance, ease of parameters
tuning, sensitivity to nonidealities, and generalizability to

other WMRs. In this way, guidelines are proposed to end-users IIl. M ODELING AND CONTROL PROPERTIES
interested in implementing control laws for WRMs. Open
problems for further research are pointed out. Let ¢ € Q be then-vector of generalized coordinates for a

wheeled mobile robot. Pfaffian nonholonomic systems are char-
acterized by: — m nonintegrable linear constraints on the gen-
eralized velocities. For a WMR, these arise from the rolling
The basic motion tasks that we consider for a WMR in aRithout slipping condition for the wheels.
obstacle-free environment are (see Fig. 1) the following. The simplest model of a nonholonomic WMR is timgicycle
« Point-to-point motionA desired goal configuration musti.e., a single upright wheel rolling on the plane (top view in
be reached starting from a given initial configuration.  Fig. 2). The generalized coordinates are (z, y, §) € Q =

Il. BASIC MOTION TASKS
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R? x SO (n = 3). The constraint that the wheel cannot slip irC. Static Feedback Linearizability

the lateral direction is The nonholonomic kinematic model (1) cannot be trans-

formed into a linear controllable system usisgatic (i.e.,
time-invariant) state feedback. In fact, the controllability

By expressing all the feasible velocities as a linear combinati§Rndition (2) means that the distribution generated by vector
of vector fields spanning the null space of matrlXq), one fields g1 andgs is not involutive, thus violating the necessary

obtains the so-callefirst-order kinematic model condition for full state feedback linearizability [22].
However,m system equations can be transformed via feed-

A(q) ¢ = & sinf — gcosb = 0.

T cosf 0 back into simple integrators (input—output linearization and de-
Y| =gi(q)v+ga(q)w= | sinf |v+ | 0]w (1) coupling). The choice of the linearizing outputs is not unique.
6 0 1 An interesting example is the following.

For the kinematic model (1), the globally defined coordinate
wherev andw (respectively, the linear velocity of the wheel angygnsformation

its angular velocity around the vertical axis) are taken as control

inputs n = 2). As we will show in Section IV, this model is x1 =10

equivalent to that of SuperMARIO. Y2 =z cosf + ysinf
The driftless nonlinear system (1) has several control proper-

ties, most of which actually hold for the whole class of WRMs

and nonholonomic mechanisms in general. and static state feedback

x3 =xsinf — ycosf

A. Controllability and Stabilizability at a Point v = Uz + X3U1 w=u 3

The approximate I|near|zat|_on of (1) at any pajptis clearly_ lead to the so-called (2, Zhained form
not controllable. Hence, a linear controller cannot achieve
posture stabilization, not even locally. However, denoting by Y1 =1u1
[91, g=] the Lie bracket of;; andgs, it is easy to verify that the .

s Ll X2 = U2
accessibility rank conditiof22] )
X3 = X2u1. (4)

rank , =n=3 2 ) ) . .
(91 92 lg1, 92]) @ with x1 andy. as linearizing outputs. Note thgt., x3) is the

is globally satisfied. As the system is driftless, this guarante#Bicycle position in a rotating left-handed frame having the
its controllability—although in a nonlinear sense. axis aligned with the vehicle orientation (see Fig. 2).

A severe limitation on the point stabilizability of system (1)is More in general, it is known [24] that a two-input driftless
that Lyapunov stability cannot be achieved by using smooth (@nholonomic system with < 4 states can always be trans-
fact, even continuous) time-invariant feedback laws. This nei§rmed in chained form by static feedback, while for> 4 a
ative result is established on the basis of a necessary condiéh of necessary and sufficient conditions is available. In prac-
due to Brockett [23]: smooth stabilizability of a driftlesgjular  tice, most WMR kinematic models can be put in chained form;
system (i.e., such that the input vector fields are well defined afdnotable exception is the car—trailer system with two or more
linearly independent at.) requires a number of inputs equal tdrailers hitched at some distance from the midpoint of the pre-
the number of states. As a consequence, to obtain a posture §2Hs wheel axle.
bilizing controller it is either necessary to give up the continuitE/) ) ) o
requirement and/or to resort to time-varying control laws. - Dynamic Feedback Linearizability

For exact linearization purposes, one may also resatito
B. Controllability and Stabilizability About a Trajectory namic state feedback [6], [7]. In this case, the conditions for

Given a desired Cartesian motion for the unicycle, maryll state linearization are less stringent and are satisfied for a
tracking methods require the generation of the correspondi@gge class of nonholonomic WMRs (e.g., those transformable
state trajectory,(t) = (za(t), ya(t), fa(t)) and control inputs in chained form), including the unicycle.

(va(t), wa(t)) (see Section V-A). In order to be feasible, the With reference to a generic driftless nonlinear system
former must satisfy the nonholonomic constraint on the vehicle . " m
motion, that is, be consistent with (1). (=Glw geR"welR ®)

Assume that the approximate linearization of (1) is computge dynamic feedback linearization problem consists in finding,
aboutg,(t). Since the linearized system is time-varying, a negnossible, a feedback compensator of the form
essary and sufficient controllability condition is that the control- .

lability Gramian is nonsingular. Although we do not give details E=alq, &) +b(q, §u

here, it is relatively easy to show that such condition is indeed w=c(q, &)+ d(q, )u (6)
satisfied as long ag; # 0 orwg # 0; this implies that smooth

stabilization is possible and, in particular, linear design tectvth state¢ € IR” and inputu € IR™, such that the closed-loop
niques can be used to achieve local stabilization for arbitrasystem (5) and (6) is equivalent, under a state transformation
feasible trajectories, as long as they do not come to a stop. z = T'(g¢, £), to a linear system. Only necessary or sufficient
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(but no necessary and sufficient) conditions exist for the solution
of this problem. Constructive algorithms are essentially based
on input-output decoupling [22].

The starting point is the definition of am-dimensional
outputn = h(q), to which a desired behavior can be assigned.
One then proceeds by successively differentiating the output
until the input appears in a nonsingular way. At some stage,
the addition of integrators on some of the input channels
may be necessary to avoid subsequent differentiation of the
original inputs. Thisdynamic extensiomlgorithm builds up
the state¢ of the dynamic compensator (6). If the system is
invertible from the chosen output, the algorithm terminates
after a finite number of differentiations. If the sum of the
output differentiation orders equals the dimension+ v of
the extended state space, full input—state—output linearization
is obtainedt The closed-loop system is then equivalent to B9 3 WMR SuperMARIO.
set of decoupled input—output chains of integrators frgno

(i =1,...,m). 22 =Y
We illustrate this exact linearization procedure for the uni- z3 =% = €cosl
cycle model (1). Define the linearizing output vectorras= za =7 =Esind (9)

(z, y). Differentiation with respect to time then yields
the extended system is, thus, fully linearized and described by

W= x\ _ (cos 6 0 v the two chains of integrators in (7), rewritten as
7 sinf 0 w
. . . . 21 =U1
showing that onlyv affectss, while the angular velocity . 10
cannot be recovered from this first-order differential informa- 72 =U2- (10)

tion. To proceed, we need to agd an integrator (whose state igpe dynamic compensator (8) has a potential singularity at
denoted by!) on the linear velocity input ¢ = v = 0, i.e., when the unicycle is not rolling. The occur-
. cos f rence of such singularity in the dynamic extension process is
v=2¢, f=a = 3 ( > structural for nonholonomic systems [6]. This difficulty must
be obviously taken into account when designing control laws
being the new input the linear acceleration of the unicycle.on the equivalent linear model.

Differentiating further, we obtain

sin 6

. . IV. TARGET VEHICLE: SUPERMARIO
. [ cosf p —sinf\ [cosf —Esind a
=g sin 6 +< cosf /] — \ sind £ cosb w The experimental validation of the proposed control method
and its comparison with existing controllers has been performed

and the matrix multiplying the modified inp{t, w) is nonsin-  on our prototype SuperMARIO (Fig. 3).
gular if ¢ # 0. Under this assumption, we define

A. Physical Description

. -1
<Z> = <§?jz ?223) <Z;) SuperMARIO is a Mo—wheel differentially driven vehicle.
The wheels have a radiusof= 9.93 cm and are mounted on an
SO as to obtain axled = 29 cm long. The wheel radius includes the o-ring used
. to prevent slippage; the rubber is stiff enough that point con-
7= <771) = <u1> =u. (7) tact with the ground can be assumed. A small passive caster is
2 2 placed in the front of the vehicle at 29 cm from the rear axle. The
The resulting dynamic compensator is aluminum chassis of the robot measures 4632 x 30.5 cm
) (I/'w/h) and contains two motors, transmission elements, elec-
§ =wuy cosf + uy sinf tronics, and four 12-V batteries. The total weight of the robot
v==¢ is about 20 kg and its center of mass is located slightly in front
s €08 0 — 1y sin f of the rear axle. This design limits the disturbance induced by
w= 3 : (8)  sudden reorientation of the caster. Each wheel is driven by an

MCA dc servomotor supplied at 24 V with a peak torque of
Being¢ € R, itisn 4+ v = 3+ 1 = 4, equal to the output 9 56 Nm. Each motor is equipped with an incremental encoder
differentiation order in (7). In the new coordinates countingn. = 200 pulses/turn and a gearbox with reduction
ration,. = 20. On-board electronics multiplies by a facioe 4
the number of pulses/turn, representing angular increments with
1In this casey, is also called dlat output [25]. 16 bits.

Z1 =T
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Fig. 4. Control architecture of SuperMARIO.

SuperMARIO is a low-cost prototype and presents, therefor calibration procedure has also been developed to estimate the
the typical nonidealities of electromechanical systems, namelgtual wheel radii and axle length.
friction, gear backlash, wheel slippage, actuator deadzone, and@he reconstruction of the current robot configuration is based
saturation. These limitations clearly affect the control perfoon incremental encoder data (odometry). Metgr andA¢y, be

mance. the angular wheel displacements measured during the sampling
time T, by the encoders. From (11), the robot linear and angular
B. Control System Architecture displacements are

SuperMARIO has a two-level control architecture (see Aq—" (Ap. + A Al =" (Adn — A
Fig. 4). High-level control algorithms (including reference 2( on P d( on ?)
motion generation) are written in'G and run with a sampling The posture estimated at timg = kT, is

time of I, = 50 ms on a remote server (a 300-MHz Pentium

I), which also provides a user interface with real-time visual- Ty cosfr 0 A
ization and a simulation environment. The PC communicates G, = [ Uk | = gp_1 + | sinf; 0 (AZ) (12)
through a radio modem with serial communication boards on 0, 0 1

the robot. The maximum speed of the radio link is 4800 b/s.

Wheel angular velocity commands, andwr are sent to the where 8, = 6,_; + Af#/2. Robot localization using the above

robot and encoder measuréspy, and A¢g are received for odometric prediction (commonly referred todead reckoninp

odometric computations. is quite accurate in the absence of wheel slippage and backlash.
The low-level control layer is in charge of the execution ofhese effects are largely reduced when the velocity is kept rea-

the high-level velocity commands. For each wheel, an eight-Bgnably small and the number of backup maneuvers is limited.
ST6265 microcontroller implements a digital PID with a cycle
time of T, = 5 ms. Two power amplifiers drive the motors withD. Control Constraints

a 51-KHz PWM voltage. In view of the bounded velocity of the motors, each wheel

Custom interpolation algorithms were developed on the RG 5chieve a maximum angular velocity Through (11), the
to reduce the effect of quantization errors and communicatigg;nds on driving and steering velocities are

delays in the reconstruction of the robot posture from the
odometric data. Additional filtering of high-level velocity [v| < Qr, lw| < 2Qr/d.
commands is included to account for vehicle and actuator

dynamics: simple first-order linear filters smooth possible There s, however, a more stringent constraint due to the lim-
discontinuities in the velocity profiles. ited resolution of the digital low-level control layer. In fact, the

linear displacement resolutials,,;, of the robot can be com-
puted from the previous data as

The kinematic model of SuperMARIO is given by (1), i.e., is Aspin = 2rr _19.867
equivalent to that of a unicycle. However, the actual commands pneny  4-200-20

are the angular velocitiesy andw,, of the right and left wheel, Th;s value corresponds to the least significant bit of the encoder,
respectively, rather than the driving and steering velocitieSg, that the average quantization error will be less than 0.02 mm.
andw. There is, however, a one-to-one mapping between thgg&yie of the eight-bit resolution of the on-board velocity mi-
velocities crocontroller and of the PWM circuit (having,, = 1/T. =

C. Kinematics

~ 0.0039 cm.

2The use of the average valdg of the robot orientation is equivalent to the
v =r(wg+wr)/2, w=r(wgr —wr)/d. (11) numerical integration of (1) via a second-order Runge—Kutta method.
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200 Hz as minimum pulse frequency), the actual linear velocityackward motion of the vehicle. In order to be exactly repro-
command has the following threshold and saturation levels: ducible usingv,(t) and w,(t), the desired Cartesian motion
(za(t), ya(t)) should be twice differentiable i, 7.
Vm = fmAsmin = 0.78 cm/s A remarkable property of the unicycle is that, given
UN = Uy - (28 — 1) = 198.9 cm/s an initial posture and a consistent output trajectory

) ) ) xq(t), ya(t)), there is a unique associated state trajec-
To prevent as much as possible wheel slippage, in our con &[l

; i Y qa(t) = (xq(t), ya(t), 6a(t)), which can be computed
software we have imposed even more conservative bounds;on, algebraic way—a consequencerof= («, y) being a
high-level velocity commands ’

linearizing output under dynamic feedback. In fact, we have

< Umax = 0.3 M/, < Wmax = 0.5 rad/s . .
o] < v s elsw ? 04(t) = ATAN2 (9a(t), 2a(t)) + kx,  k=0,1 (16)
In view of these saturations, we perform a velocity scaling so as ) 0 . o
to preserve the curvature radius corresponding to the nomiMdlerek is chosen so that;(0) = 6°, being¢” the initial value
velocitiesv andw. The actual commands. andw, are then of the orientation. Ift = 1, a backward motion will result.

computed by defining Hence, if needed by the tracking control scheme, the nominal
orientationd,(¢) may be computed off-line.
o = max {|v|/Vmax, |w|/Wmax, 1} Note the following facts.

» When the desired linear velocity(t) is zero for somé, nei-
therd,(%) nor (%) are defined from (15) and (16), respec-
Ve = SIQN(V) Vmax, We = w/o, if 0 =|v|/Vmax tively. This may occur at the initial instant, if a smooth start
is specified, or at a cusp along the geometric path underlying
the trajectory(z4(t), ya(t)). In the first case, one can use
higher order differential information abo(t (), y4(t)) at
This procedure implements a low-level post-processing of the ¢ = 0 to determine the consistent initial orientation and an-
outputs ofanycontroller implemented on SuperMARIO. Since gular velocity command. For the second case, continuous
the curvature of the Cartesian path is locally preserved, this will motion is guaranteed by keeping the same orientation at-
not affect the correct execution of regulation tasks, while it may tained at ~; by using de L'Hopital analysis in (15), one can
prevent perfect trajectory tracking. On the other hand, this is per- also computev,(t ).
fectly reasonable, since it will only happen when the reference More in general, the reference trajectory may be specified
trajectory is not compatible with the vehicle velocity bounds. by separating the geometric aspects of the path (parameter-
ized by a scalas) from the timing laws = s(t) used for
V. TRAJECTORY TRACKING path execution. The driftless nature of the kinematic model
of a WMR allows to overcome in this way the above “zero
velocity” problem. For the unicycle, we can rewrite purely
geometric relationships as

and letting

Ve = 0/0, we = SIGNW)wWmax, If 0 = |w|/Wmax

Ve =V, We = W, if o =1.

The solution of the tracking problem requires the combina-
tion of a nominal feedforward command with a feedback action
on the error. In the control scheme to be presented, this error

will be defined with respect to the reference output trajectory d /ds cos 0 0

(output error). In other tracking controllers, such as those used dy/ds | = [ sing | o'+ | 0]

for comparison in Section V-C, the tracking error is defined with db/ds 0 1

respect to the reference state trajectory associated to the output

trajectory (state error). where time commands are recoveredvéy = v'(s)s(t),

w(t) = Ww'(s)s(t). Zero-velocity points with well-defined

tangent (e.g., cusps) are obtained §6t) = 0. The feed-
Assume the representative pofat, y) of the unicycle must  forward pseudo-velocities)(s) andw/,(s) are computed by

follow the trajectory(z(t), ya(t)), for t € [0, T'] (possibly, replacing time with space derivatives in (14) and (15).

T — o0). From the kinematic model, (1) one has

A. Feedforward Command Generation

B. Feedback Design
8 = ATAN2 (g, &) + k, k=0,1 (13) ) i i
A nonlinear controller for output trajectory tracking based on

where ATANZ is the four-quadrant inverse tangent function (ulynamic feedback linearization is easily devised. Assume the
defined only if both arguments are zero). Therefore, the nomirrabot must follow a smooth trajectoiit,(t), ya(t)) which is

feedforward commands are persistenti.e., such that the nominal control inpyt = (42 +
. . 42)'/? along the trajectory never goes to zero. On the equivalent
va(t) = +/25(t) + 95(¢) (14) linear and decoupled system (10), it is straightforward to design

an exponentially stabilizing feedback for the desired trajectory

Ja(t)2a(t) = £a(t)ga(t) (15) (with linear Cartesian transients) as

&3(t) +93(t)
having differentiated (13) with respect to time in order to com- ur =iq+ kp1(za — ) + kar(2a — 2)
putew,. The chosen sign for,(¢) will determine forward or w2 =Yg + kp2(ya — y) + ka2(9a — 9) a7)

wd(t) =
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with proportional-derivative (PD) gains chosenfgs > 0, In fact, in this case one may easily check that letting
ka; > 0, fori = 1, 2. These signals should be fed to the dy- o .0 0 0« 0
namic compensator (8) in order to obtain the actual control in- £ =dgc080" + g sinf
puts.
The above result is valid provided that the dynamic feedbathe following is automatically satisfied:
compensator (8) does not meet the singularity: ¢ = 0. In ]
view of the persistency of the reference trajectory, this may only oy < ) H H ( ;0 )H H( )H :
happen during the initial transient of an asymptotic tracking a d
problem. Below, we give sufficient conditions under which the We emphasize that the sufficient condition (20) can be always
singularity does never occur. enforced through a suitable velocity scaling procedure along
Theorem 1:Let 11, A2 and s, Aso be, respectively, the the reference path. Clearly, this will not affect the asymptotic
eigenvalues of the closed-loop dynamics of the two trackirigicking of the original reference trajectory as long as the scaled

error components trajectory approaches the lattertas+ oo.
We conclude the discussion on trajectory tracking via dy-
Ex = Tq — T, €y =Yd— Y- namic feedback linearization with some remarks.

‘ o ] + Instead of resorting to the above sufficient conditions for sin-
Assume that, foi = 1, 2, itis A;; < Xz < 0 (negative real  gyarity avoidance, one may envisage a more naive solution

eigenvalues) anfh;»| sufficiently small. If that consists in resetting the statef the compensator when-
ever its value falls below a given threshold. This strategy
min ( )H H( > H (18) results in a bounded velocity inputwith isolated discon-
£20 Ya(t tinuities with respect to time, which in our implementation

0 0 - . ) will be, however, smoothed out by the linear filters (see Sec-
with €3 = £,(0) # 0 andé, = £,(0) # 0, then the singularity 0 IV-B).

¢ = 0ls never met. « To obtain exact trajectory tracking for a matched initial pos-

Proof: Being ture of the robot, i.e4? = 29, y° = 39 and#® = 49 (or
: #° = 69 + ), the dynamic compensator should be correctly
(6] 9 ] O e e
Y Ya = Ya Y  Being based on the output tracking error, this method does
the singularity¢ = 0 is avoided if not require the explicit computation 6§ (¢).
» The PD control law (17) requires the velocitiesandy. To
. compute these, there are two possible options, both based on
e (yd )H H (67 )H vr20. (19 the availability of the robot postute;, y, #) as reconstructed
A from the odometry: either use the stataf the dynamic com-
Using the solution of the closed-loop error dynamics pensator together with the last two rows in (9), or numerically

differentiate(x, y) [with the incrementg§Azxz, Ay) directly

Ex(t) = aze™ + agse provided by the odometric sensors]. In ideal conditions, the
g,(t) = agre*'t + aget??! two solutions are equivalent, whereas the second is expected
to be more robust with respect to unmodeled dynamics.

Aot

where the constants,; depend on the initial conditior{s®, &)

and on the chosen eigenvalues, a tedious but simple analysisExperiments

shows that the norm of the velocity error is upper bounded bywe now report experimental results of SuperMARIO tracking
its value att = 0, provided thaj\;|, i = 1, 2, is sufficiently  the eight-shaped trajectory of Fig. 5, defined by

small. From this fact and (19), the thesis follows. [ |
Note that the left-hand side of (18) is always positive due to x4(t) = sin i ya(t) = sin i7 e, 7).
the persistency of the reference trajectory. Hence, in order to 10° 20

apply Theorem 1, one must 1) choose the PD gains so as to $le trajectory starts from the origin withf) = 7 /6 rad; this
isfy the assumption oA, 2 and\,2 and 2) select, if possible, aninformation is not needed by the dynamic feedback linearizing
initial value £° for the dynamic compensator state that satisfig®ntroller, but it is needed to generatg(t) in the two other

condition (18), where tracking controllers used for comparison [see (21) and (22)].
0 o o The initial velocities are;(0) = 0.1118 m/s,wq(0) = 0 rad/s.
gy =iq — ¢  cosd A full cycle is completed ifl” = 27 - 20 ~ 125 s.
0 — 30— ¢Osin . To assess the performance of the feedback linearization

controller, we also present experimental results of two state

As a matter of fact, the existence of a suitafflds guaranteed tracking methods. The first is obtained by performing a
under the additional sufficient condition preliminary change of inputs in the unicycle model, then
approximately linearizing the error dynamics with regard to the

reference trajectory, and finally imposing a desired closed-loop

20 (Ud )H H(Ud ) H (20) characteristic polynomial with a simpléear designfor the

t>0
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140

Fig. 6. Trajectory tracking via dynamic feedback linearization(— —), v
(=) (m), and¢ (—) (rad) versus time (s).

T
i

0.13 T T T T T T
Fig. 5. Eight-shaped reference trajectory. o2 : ' ‘ ' : :
transformed control inputs. In terms of the original contrco.11
inputs, this leads to the following equations:

0.1

v =vgco8(04—0)+ki((xg—2) cos 0+ (ys—y) sin ) 009

w =wg+ko sigr‘(vd) 0.08

-((ya—y) cos0—(xq—x)sind)+ks(64—0). (21) oor

A convenient choice (see [20] for details) of the gains is 0.06

kl = k‘g = ZC\/wg(t) + b’l]g(t)/ k‘g =b |Ud(t)| 0.05

with ¢ € (0, 1),b > 0. 0.04

The second tracking controller is the outcome obalinear .. ; ; ; : ; ;

designbased on an appropriate Lyapunov function [9] 0 20 40 60 80 100 120 140

v =1y cos(&d . 0) + k1(($d . $) cosf + (yd . y) sin 0) \'jleglloczy UT(:;an)c.tory tracking via dynamic feedback linearization: driving
Sin(ed — 9)
Oq—06

+ k3(64 — ). (22) o3

Inspired to the previous linear design, one can choose the g 02k
functionsk; andks and the constant gaiy as ’

w =wq + kovg ((ya — y) cos — (x4 — x)sin ) 0.4 ; g g g ; !

ki = ks = 20\ /w3 (t) + b3(t),  kay=b. o

In the first set of experiments, the robot starting configur:
tion is matched with the reference trajectory [i.,= qa(0)].
Figs. 6-8 show the results obtained by the dynamic feedbe
linearization controller (8)—(17), with,1 = kp2 = 1, kax =
kgp = 0.7 and&® = v4(0). Here, as in all the experiments,
r, y andd are reconstructed from encoder data using the oc_, |
metric model (12), whiley andw are the reference velocities : : : :
computed by the controller. The tracking of the reference traje 4 ; ; ; ; i i
tory is very accurate; residual errors are mainly due to quantiza-° 2 0 6 8 100 120 140
tion and discretization of velocity commands. Note that the d?l’g. 8. Trajectory tracking via dynamic feedback linearization: steering
sired Cartesian trajectory is followed with the robot in forwardelocity . (rad/s).
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Fig. 9. Trajectory tracking via dynamic feedback linearization: norm dfig. 11. Trajectory tracking with nonlinear feedback design: norm of
Cartesian error (m). Cartesian error (m).
0.2
0.04 l T T I T
0.035 |l v .............. ............ .......... P N 0.1 i
0.03
of- i
0.025
d . . .
0.02 |
[
I
0.015 0.2 f b
1
U
0.01 ' : , ; ; .
0.005
: : : : § : 04 . . ) : . ;
0 L L L L L 1 0 20 40 60 80 100 120 140
0 20 40 60 80 100 120 140

) . . o . _Fig. 12.  Asymptotic trajectory tracking via dynamic feedback linearization:
Fig. 10. Trajectory tracking with linear feedback design: norm of Cartesiatartesian errors, ande, (m).
error (m).

0.2

motion. The achieved performance can be compared with thc
of the other two controllers (both with = 0.7 andb = 10) oak
looking at Figs. 9-11, which show for each case the npil ’
of the Cartesian error, obtained using the reconstructgdnd
the reference 4, y4. Note in Fig. 10 the large transient error in- o
duced by the vehicle/actuator dynamics in the presence of an
tial nonzero value 0#,4(0). Both the feedback linearization and
the nonlinear design controller are more effective in reducir *’
this error. On the whole trajectory, the mean value of the err
ranges from 1 cm (linear design) to 0.5 cm (nonlinear desig.o.2
and to 0.38 cm (feedback linearization design).

A second set of experiments was performed lettin
¢° = (0.2, —0.3, 7/3) (m, m, rad), i.e., starting with an initial 3
state error with respect to the assigned trajectory (asymptc : :
tracking). Only the linearly designed controller and the dy g, ; . ; ; i i
namic feedback controller were compared (see Figs. 12 & wu® 20 40 60 80 100 120 140
13), using the same control parameters as before. The Obtaiﬁﬁdl?,. Asymptotic trajectory tracking with linear feedback design: Cartesian
transients are quite similar, although a smaller overshooteigorse, ande, (m).

T====2oI
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experienced with dynamic feedback linearization, as implied Proof: Use of control (23) in (10) implies that coordinates

by the choice of the PD gains. 2 andy converge to zero exponentially, provided that the orig-
inal control inputsy andw given by (8) remain bounded. To
VI. POSTURE STABILIZATION show this, we must prove that §)does not go to zero in finite
time, and 2} tends to zero fot — oo, in spite of its denomi-

A; mentioned in Section II!, point stabilization o_f nonholo- ator¢ vanishing.
nomic WMRs cannot be achieved by smooth static feedback. ¢ L ) ) hast(7 -
Below, we show that the tracking scheme (8)—(17) based on df. SINce rom ©) E IS¢ . =2t ,_o;le "’I‘f(t) =0 Ih
namic linearization provides a discontinuous controller that is Z?(t)d_l z(t) = 0, fora gsnerld, = IOI ntegra;[]mg the
effective for posture stabilization, and compare its performance closed-loop system (10) under control (23), we have
with three existing controllers. Nt Moot
Zg(t) =asie e 4 asoe 12 (27)
A. Feedback Design 24(t) = a1 et + agpeezt (28)

To extend the tracking controller based on feedback lineariza-
tion to the posture stabilization problem one must avoid the sin- where eigenvalues;; and coefficients:;; are functions of
gularity ¢ = 0 not only during the transient (as in the trajec- initial state and PD gains
tory tracking case) but also asymptotically, i.e., as the robot ap-
proaches the final destination. Again, this simply requires an \  —kay & kG — 4k
appropriate choice of the PD gains and a suitable initialization 11,12 =
of the dynamic compensator stdte

Assume w.l.0.g. that the origin is the desired final posture, A1 22 =
and denote by

—kay £ \/kZ, — ks

A1 0 0
=——— (23— A
Q* = {q c Q: (:17 = 0./ cos ¥ Z 0) 31 )\11 - )\12 (23 1221)
OR(y =0,cosd =—-1)OR(z =y =0 A
(v / ) ( Y )} a3z = Mi— iy _12)\12 (A12) = 23)
a subset ofQ which will require special attention. The \
r_emain_ing partQ/_Q* of the configuration space can be parti- a4 = ﬁ (2] = Xa229)
tioned in two regions 21 22
— A2z 0 0
Q0" = (g€ Q/Q% x> 0) b e

l *
= (S cx <0} . . o
Q=g Q/Qnw } From these expressions and condition (24), itis easy to show
Theorem 2: Consider the unicycle system (1) under the ac- thatafinitet > 0 such thag(z) = 0 exists iff
tion of dynamic compensator (8). Setting = y4 = 0 in the
y b ® =% Ocosh — 2%, 0sinf0 — 40Ny

PD control law (17), i.e., choosing —
£9cos A0 — 20\ E0sin A0 — 909y

uy = —kple — ]Cdlit . . . .
with @ = A11 22/ A12A91. From this, a quadratic equation

uz = —kp2y — kazy (23) in £9 is derived which has the single nonzero root

yields exponential convergence from any starting configuratiopy
0 * P . . =
q" € Q/Q* to the origin, under the following assumptions. . )
Al. Gainsk,; > 0, ks; > 0 (i = 1, 2) satisfy the conditions Ar12” sin 09+ Agpy” cos 6% — a(Ar2” sin 67+ Aa1y” cos 6°) .
(1 — «a)sin g0 cos §°

k3, — dkpy = kag — 4kpa > 0 24
“ pL T2 v2 (24) Once rewritten in terms of the PD gains, this expression
kao — kv > 21/ k2 — 4kpo. (25) leads to the forbidden initialization condition (26).
2) Assumption Al implies that the eigenvalues are real and
A2. The initial statet? of the compensator is chosen as ordered as\yy < Ag1 < A1p < A < 0. From (8), we
rewritew as
¢ <0 (backward motion) if}® € Q" L _ a1+ 23t
- 2
¢ >0 (forward motion)  if¢° € Q' 3

_ ) _ ) N and using (23), (27), and (28), the numeratowdbkes the
but its value is otherwise arbitrary, except for the additional con- f5rm
dition
(A114+2A21)t +,y2e()\12+>\21)t

(Ar1+A22)t

kp12°sin 0° — k29 cos 0° —Z4U1 + z3U2 = V1€

€0 #2

kao — ka1 (26) + v3e + 746(/\12+>\22)t
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with v; € IR. Its asymptotic convergence rate is larger thameighborhood of;” contained inQ*, where the second phase
2|A11] due to the eigenvalue ordering. As for the denomean be safely started by resetting the setpoint to the origin.

nator, squaring and adding (27) and (28) gives Clearly, the choice af* will affect the shape of the generated
path. For example, in the casé = 0, a reasonable strategy is
€2 = et g pePutiit 4 20t to setz” = —y”, y¥ = y¥/2, 8" = 0, which yields a symmet-

rical maneuver spanning equal lengths on hotandy axes.
The necessity of adding a via point whg¢hbelongs toQ* does
not necessarily represent a drawback of the method; a suitable
with n; € RR. Since the asymptotic rate of convergence ahoice of the via point allows better control of the path shape
this quantity is exactly2|A11], we conclude thaty tends \while approaching the goal configuration. In particular, the re-
exponentially to zero as— oo. sulting stabilization motion contains at most one backup ma-
To finish the proof, consider the following facts. neuver. With this modification, our method guarantees global
« The unicycle reaches the origin with a horizontal tangeekponential convergence of the vehicle to the desired configu-
(# = 0 or«), because; approaches zero faster thann ration.
view of the eigenvalue ordering. _
« Motion inversions do not occur sinee = ¢ never crosses B. Experiments

zero, as shown in the first part of the proof. To show the performance of the feedback linearization con-
* The trajectory is confined to the region (eith@y. or Q;) troller (23) for posture stabilization, we report the results of Su-
from which the unicycle starts. In fact,andy never change perMARIO executing first dorward parkingtask fromg® =
sign because the eigenvalues are real and thanks to the chpice, —1, 0) (m, m, rad) to the origin. For comparison, we also
of sign for¢” in assumption A2. executed the same task with three additional posture stabilizing
Their immediate consequence is that also the orientaiorgontrollers.
converges to zero. As for its rate of convergence, it is exponen-The first [9] is asmooth time-varyinfeedback control, which
tial in view of the fact that the derivative of § converges ex- has exactly the same structure of the trajectory tracking con-
ponentially to zero. B troller (22). To achieve posture stabilization, however, the ref-
Some remarks are needed at this point. erence signals (state trajectory and control inputs) must be ap-
 As the Cartesian position transients are linear, the unicygeopriately chosen. One possibility is to set, fortalj,(¢) = 0,
trajectories obtained with the proposed controller are corfiz(t) = 0 [and thusw,(t) = 0] and
pletely predictable and can be easily shaped by choosing the
PD control gains. Note that the unicycle can reach the goal  va(t) = 4(t) = —kaza(t) + g(e, 1), ks >0
either with a forward or with a backward motion.
The equality part of condition (24) in Theorem 2 is by n&Vith e = ¢4 —¢ an auxiliary error vector and a so-calleeating
means necessary; it is only used for deriving a closed forfsnction
for the forbidden initialization (26) of the dynamic compen-
sator. Other choices are possible and will lead to different(e, t) =
forbidden initializations. The inequality part of the same con-
dition implies that the eigenvalues that characterize the tran+ye also implemented on SuperMARIOn@nsmooth time-
sient are real, so that no oscillations are experienced duri@grying feedback [13] designed on the chained form (4). The
the approach to the destination. control law, designed on the basis of thecksteppingrinciple,
In view of the discontinuity at the origin of the linearizingjs nonsmooth with respect to the state, which is fed back only

controller with respect to the state:, y, 0, {) of the ex- at uniformly sampled instants. A, = hT (h = 0, 1, 2, .. ),
tended system, as well as of the fact that the initial configgne |ets

ration should belong t@/Q*, the proposed feedback con-

+n462>\21t + n_e()\zlJr)\zz)t _I_,r]662)\22t
0

exp(ks(ezcosf — ey sinf)) — 1
exp(ks(e2cosf — ey sinf)) + 1

sint, ks > 0.

troller does not yield Lyapunov stability in a strict sense, but up = —k(x(tn)) f(t)

simply exponential convergence. 5

If the initial configurationq® belongs toQ*, Theorem 2 uz = — (2 + p3f3(t)) x2
cannot be applied. In fact, control (23) would bring the unicycle — s (;sz2(t) + 2f(t)f(t)> _ X3 (29)
to the origin with the wrong orientation, namely, = = if k(x(tn))

cosf? > 0,0 =+x/2if cosf® = 0,0 = —7x if cosf® = —1,

andd = 0V if 2° = y{) = 0. In such a situation, it is necessary toWherem’ ns > 0, and
reset the compensator state at some tigne 0, so as to invert ) 1/2

the motion at a configuration € Q/Q*. A simple way to F(x(tn) ==F [Xl(th) + rsgu(xa (tn) llxas (ta) 1/ ]

obtain this is to introduce a via poipt = (z", y*, 0”) & Q* 1 — cos2nt)T

in the regulation procedure, as illustrated below by the parallel f(t) = [ S

parking experiment. Convergence to the origin is then obtained

in two phases: in the firsty” is the desired setpoint, ang with y23 = (x2 x3)¥, 8 = 2/T andx > 0. Equation (29)
converges exponentially t@¥ based on Theorem 2. Thus,should be used in conjunction with (3) in order to generate the
in a finite predictable time; will enter a sufficiently small actual velocity inpute andw.
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Fig. 14. Posture stabilization using dynamic feedback linearization (forwaFdg. 16. Posture stabilization via dynamic feedback linearization (forward
parking):xz (- =),y (—) (m), andd (—) (rad) versus time (s). parking): driving velocityv (m/s).
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Fig. 15. Posture stabilization via dynamic feedback linearization (forwagdg. 17. Posture stabilization via dynamic feedback linearization (forward
parking): Cartesian motiow, y) (m). parking): steering velocity (rad/s).

The third posture stabilizing controller used for comparison For all controllers, the accuracy in regulation to the origin is
overcomes the obstruction of Brockett condition for smooth Sigatermined by the satisfaction of the following terminal bounds:
bilizability by applying a change of coordinates such that the
input vector fields of the transformed equations are singular at |z| < 0.2 cm, ly| < 0.2 cm, |6] < 0.02 rad

the origin [12]. In particular, defining theolar coordinaterans- . )
Figs. 14-17 refer to the results of the dynamic feedback lin-

formation earization controller (23) with gains chosenkgs = 2, k
= 4, Rq1 =
p=vz?+y? 3, kp2 = 12, kg2 = 7, and compensator initializatioff =
v =ATAN2(y, z) — 0+« vmax = 0.3 (M/s). The convergence to the goal is fast and very

natural, as shown in Fig. 15, a stroboscopic view of the robot

b=y+10
motion sampled every 1.5 s. Note that saturation occurs on both

a Lyapunov-like technique is used to design the following Cori]ﬁputs during the transient phase.

trol law The performance of the smooth time-varying controller is
v =kipcosvy ' shown in Fig. 18. The gains have been setite= 0.5, ks = 2,
w = kyy + ky Sy COS Y (v + k36) (30) ks = 1, ks = 1, andks = 50, while z4 has been initialized

atz4(0) = 0. After a relatively fast approach, the convergence
with k; and ko positive constants. Also this feedback, oncbecomes extremely slow when the unicycle is close to the goal.
rewritten in terms of the original state variables, is discontinna particular, this is evident in Fig. 19, a stroboscopic view of
uous at the origin of the configuration spa@e the robot motion sampled every 10 s. An inherent limitation of



ORIOLOet al: WMR CONTROL VIA DYNAMIC FEEDBACK LINEARIZATION

-1

1 1 1
0 20 40 60 80 100 120 140 160

1
180

200

847

1
0 20 40 60 80 100 120

Fig. 18. Posture stabilization with smooth time-varying feedback (forwar€ig. 20. Posture stabilization with nonsmooth time-varying feedback (forward

parking):xz (- -),y (=) (m), andd (—) (rad) versus time ().

parking):xz (- -),y (—) (m), and¢ (—) (rad) versus time (s).

-1

Fig.21. Posture stabilization with nonsmooth time-varying feedback (forward

Fig. 19. Posture stabilization with smooth time-varying feedback (forwaigarking): Cartesian motiofw, y) (m).

parking): Cartesian motiofw, y) (m).

this control design is the large number of backup maneuvel
executed with the unicycle approximately aligned with the fine

desired orientation.

Fig. 20 displays the outcome of the application of the contrc

law (29), withT = 6 s,x = 0.8, andus = p3z = 0.4. The

rate of convergence of the nonsmooth time-varying controll¢
is somewhat improved but still quite slow. A stroboscopic viev : : : :
of the unicycle motion sampled every 5 sis reported in Fig. 2. L/ ...
Note that the approach in thedirection is very uniform, while '
maneuvers in the vicinity of the goal are aimed at adjusfing
rather thanz. This is intrinsic in the structure of the chained |

form used for the control design.

Finally, the results obtained with the polar coordinates cor
troller (30), with gains; = 1, ks = 3, andks = 2, are reported
in Fig. 22. The convergence to the goal is very fast and natureu. °

15 T ' ! ! T T T T

0.5

-1
2 3 4 5 6 7 8 9

InFig. 23, a StrObOSCOpIC view of the un'CyC|e motion Sampl%’g. 22. Posture stabilization using feedback in polar coordinates (forward

every 1 s is given.

parking):xz (- -),y (—) (m), andé (—) (rad) versus time (s).
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Fig. 23. Posture stabilization using feedback in polar coordinates (forwarég- 25. Posture stabilization via dynamic feedback linearization (parallel
parking): Cartesian motiofw, y) (m). parking): Cartesian motiofw, y) (m).
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jo. 26. Posture stabilization via dynamic feedback linearization (parallel

Fig. 24. Posture stabilization via dynamic feedback linearization (para”Earkmg) driving velocityy (m/s).

parking):x (- -),y (—) (m), and¢ (—) (rad) versus time (s).

0.5

We also executed parallel parkingfrom ¢ = (0, —1, 0) 4
(m, m, rad) to the origin. The results obtained with the feedba
linearization controller (23) are shown in Fig. 24-27. fse 03
Q*,aviapointg’ = (-1, —0.6, 0) (m, m, rad) has been added
The PD gains are the same as before, while the compens(
state initialization is chosen here & = —wv,., for the first o1
phase, performed in backward motion, &id,) = vmax for
the second phase, which is started in a neighborhogd ahd : :
performed in forward motion. The simple first-order linear filte 0.1 |- S S I
introduced to account for actuator dynamics is also effective 3 5
smoothing the discontinuity in the driving velocity generate 02
by the reset procedure. On the other hand, the presence of o3
same filter for the steering velocity, coupled with the softwar
velocity saturation, neutralizes the effect of the singularity in %4
due to the zero crossing of the filtered driving velocity. 05

For comparison, we have executed a similar experime:.
with the polar coordinates controller (30), using the SaNnigy. 27. Posture stabilization via dynamic feedback linearization (parallel
gains as before; here, the starting configuration is chosenpasking): steering velocity (rad/s).

T

of-

I L 1 L !
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25 ! " T f ! ! as well as the other controllers. The experimental tests presented
: ‘ : : ' : in this paper are representative of the average performance of the
controllers. We summarize our acquired experience in general
observations that can be useful guidelines for implementation
of the same control strategies on other vehicles.

First, the computational load for all methods is quite similar
in the case of the unicycle. Basically, both trajectory tracking
and posture stabilization controllers can be implemented with
on-board computing power. Our choice of separating high-level
control routines, performed on a remote server, from low-level
control loops in charge of realizing the reference velocity com-
mands reflects the choice of a modular structure. Such decom-
position is expected become even more convenient for WMRs

AP SR . e 1 with more complex kinematics, such as a tractor vehicle towing
P : : 5 trailers.
R =T 1 Il 1 ) 1 . . .
%o 2 4 6 8 10 12 14 All the implemented trajectory tracking methods can be
Fig. 28. Posture stabilization using feedback in polar coordinates (para@eneralized to more complex vehicles, provided their models
parking):z (- -),y (=) (m), andé (—) (rad) versus time (s). are transformable in chained form. Such generalizations can

be found in [10] and [21]. From the point of view of control

parameters tuning, especially for more complex WMRs, the

dynamic feedback linearization technique appears to be simpler
: : 4 : v since it boils down to the choice of stabilizing gains for a chain

LY RN X > : of integrators; in any case, it can be always carried out on the
: 1 : : original equations without resorting to the transformation in

chained form.

05 oo 5 In Table |, posture stabilization controllers are compared in

: : f : terms of performance, ease of parameter tuning, sensitivity to
: : : : nonidealities, generalizability to more complex WMRs, and re-
A b S ) USRS SUUUOON SO lation with tracking controllers.

Time-varying controllers, both smooth and nonsmooth, ex-
hibit a rather slow convergence to the goal. In general, the non-
smooth controller should behave better due to its exponential
rate of convergence, but the dependence of this rate on the con-
i i i i ; trol gains is critical. The oscillatory behavior of the vehicle

- 05 0 0.5 1 during the approach to the goal, which makes the motion er-
Fig. _29.. Posture stabilization using feedback in polar coordinates (paralll%hic, is an intrinsic characteristic of both time-varying control
parking): Cartesian motiofw:, y) (m). . . .
laws. The presence of several motion inversions makes these

N . . . methods sensitive to mechanical nonidealities (e.g., backlash)
¢’ = (0, —1.5, 0) (m, m, rad). The performance is shown in . ;
. - . of the wheels, and may introduce a remarkable difference be-
Fig. 28 and 29 and indicate that there is no backup maneuyer
Lo L .. tween the movement computed from the odometry and the ac-
in this case. If the robot had been initially closer to the positive : . : ) .
; : . . tual vehicle displacement. In our experience, this behavior was
x axis, this control law would have automatically driven the” " _ . . . . .
confirmed also in experiments performed with a car-like vehicle

ir;)b:t k;?](;l;\;vlardroaldrtthi? |Cr;rf]ct)rrc\:\|/|aerrd (Smc;))t.loiz E{%éhgn%?alh-argl he MARIO robot [26]), where a nonnegligible backlash on the
9 property : P Steering angle of the front wheels led to a substantial error in the

Lhe _veh|cle will always approach the goal in forwarq monoq‘lpal positioning. Another potential problem with the presented
aving executed at most one backup maneuver. Finally, note

that the behavior of the controlled system is not continuo nonsmooth controller is that, being based on a low-rate sampled

u 1 H H 13 H ”
with respect to the initial state. For example, assume that t %te_ feedback [see (29)], the robot could in principle “miss
I ) Ly 0 0 he final goal even if passing through it. A positive feature of
initial configuration isz” = a > 0, 9" = ¢ andf’ = 0.

Positive and negative arbitrarily small valuese=ofvill lead to time-varying control Ia\_/vs IS that. they can readily be general—
. : . . .. jzed to any WMR allowing a chained-form representation [10],
different transient motions to the goal (in fact, symmetric wit

Y| S S A S .

A5k ................ ............... \

respect to the: axis). 3. . )
The controller based on polar coordinates transformation per-
VII. GUIDELINES FOREND-USERS formed very well. The resulting vehicle path is very natural

(in the sense that is similar to that followed by an experienced

human driver) and convergence is quite fast, with a weak depen-
We have performed several motion tasks with SuperMARI@ence on the choice of the few control gain parameters. Since

using the proposed control law based on feedback linearizatanmost one backup maneuver is needed, disturbances due to

A. Summary and Comparison
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TABLE |

A COMPARISON OF THEPOSTURE STABILIZATION CONTROLLERSIMPLEMENTED ON SUPERMARIO

Smooth Nonsmooth Design with Dynamic
time-varying time-varying polar feedback
stabilization stabilization coordinates linearization

Achieved very slow slow fast fast
performance erratic erratic natural natural
Ease of a few parameters | a few parameters impl simple PD
.. simple N
control tuning problematic critical p 6 initialization
Sensitivity to many backups backups and good good

nonidealities

sampled feedback

integral action

Generalization
to other WMRs

yes if
chained form

yes if
chained form

no

yes if
chained form

Relation with
tracking control

extended
from tracking

none

none

same PD
control law

wheel backlash are minimized. Unfortunately, a direct extein principle, the actual motion of SuperMARIO on the ground
sion of such controller is not yet available for vehicles with monmay be quite different and should be computed with the aid
complex kinematics. The idea of using a state-space transforrof-exteroceptive sensors. However, in our experiments, this
tion that is singular at the goal configuration, however, stands difference was not visually appreciable, as shown by the videos
its own and has been exploited by other researchers, e.g., in[2F. the web page http://labrob.ing.uniromal.it/projects/ram-
Similar positive comments can be drawn on the performansete.html. The satisfactory performance of dead reckoning
of the posture stabilization method designed via dynamiigcalization is of course related to the execution of relatively
feedback linearization. In particular, this scheme allows paslow motions.
allel parking with backward—forward motion, which is a very A final remark is needed about the application of the control
natural maneuver. The control tuning requires the choice framethods of this paper when workspace obstacles are present. In
a very large feasible set of PD gains. The relationship with tlecompletely known environment, it may be convenientto tackle
analogous controller for trajectory tracking is very simple: ithe navigation problem of a WMR using a three-layer control
is sufficient to add the feedforward terms, i.e., the referenstructure. The highest layer is devoted to motion planning and
output position, velocity, and acceleration [compare (17) wittakes care of the nominal avoidance of obstacles; the nonholo-
(23)]. nomic motion constraints of the WMR may or may not be taken
As for the use of an additional dynamics within the contrahto account at this stage. The second layer takes charge of mo-
law, it has pros and cons. On one side, this desigh compensaims execution and uses one of the trajectory tracking controllers
for the use of a first-order kinematic model of the unicycle, bgiven in this paper. In the vicinity of the goal, fine posture reg-
bringing linear acceleration into the picture. On the other sidelation (docking) can be obtained at the lowest layer by means
it is necessary to prevent zeroing of the compensator state afidne of the presented stabilizing controllers.
the consequent singularity of the control commands; this may
be guaranteed by enforcing additional conditions (sugh as,th%s.eFuture Directions
of Theorem 1 for tracking and of Theorem 2 for stabilization)
or may be achieved in practice by resetting the compensatofFrom an application viewpoint, there are some important is-
state¢ whenever its value falls below a given threshold. In owsues that deserve further research.
implementation, the simple strategy of filtering plus saturating Inclusion of dynamicdn this paper, the control problem—as
the velocity commands keeps the actual commands boundedény often done—has been addressed on the first-ddther
any case. matic model of the unicycle. This situation should not only be
The generalization to point-to-point motion tasks for WMRsegarded as a simplification of the problem: it also reflects the
with more complex kinematics is under way. It basically corfact that the control architecture of our mobile robot (as with
sists in extending the idea of suitably shaping the transient beest robots and manipulators) does not allow the user to impose
havior on the linear side of the problem by appropriate selectianceleration or torque inputs. As explained in Section IV-B,
of the gain structure (a PD2 for n generalized coordinates),only the reference velocities;,, wg can be fed to the propor-
S0 as to achieve a smooth and correct “entrance” into the gtiahal-integral-derivative (PID) microcontrollers of the actua-
for the two outputs representing the robot Cartesian positiontors. The linear velocity input imposed to the robot, which
All the controllers mentioned in this paper use a measuceincides with the state of the dynamic compensator, is used
of the state reconstructed on the basis of the robot odometycomputevy, wg through (11). If theactuallinear velocity of
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the vehicle is different fromv (as it may be, particularly at the WMRs not transformable in chained fordamong the open
beginning of motion), it is the low-level PID control which will problems in controlling general WMRSs, we mention the case of
bring it to the value specified by the high-level control. multibody vehicles that do not admit a transformation in chained
However, for massive vehicles and/or at high speeds, consiidrm, such as a unicycle or car-like tractor with two or more
eration of robot dynamics is necessary for realistic control daailers hitched at some distance from the midpoint of the pre-
sign. The dynamics of general nonholonomic systems is theieus wheel axle. A possible approach to posture stabilization,
oughly analyzed in [28] and, more specifically for WMRs, irusing iterative steering of a nilpotent approximation model, can

[29]. Interestingly, nonlinear static state feedback can be udael found in [34].

to cancel, in the nominal case, all inertial parameters so as to
lead to thesecond-order kinematic model

i=Clgw, =a (31)
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with (¢, w) as the(n+m)-dimensional state and acceleration

as the new control input. The control laws used in this paper do
not directly apply to this case (they may have finite jumps in the [1]
velocity). However, we are currently working out an extension
of the present approach, which can be sketched as follows.

Feedback linearization of model (31) for the unicycle [3]
requires again a one-dimensional dynamic controller, but leads
to a closed-loop linear system consisting of two chainthde (4]
input—output integrators. As with the first-order model, the
singularity may occur when the linear velocityof the vehicle  [5]
(now a state variable) goes to zero at a finite time. For a trajec-
tory tracking task, there is virtually no difference with respect [6]
to the theory presented here. For a posture stabilization task,
using the linearizing coordinate and control transformations, -,
one should seek conditions on the control gains of the linear
controller (now a PB for each chain) so as to guarantee the
correct relative rates of exponential convergence for the statéd’!
variables, in such a way thatdoes not go to zero in finite time
andw is always bounded (compare with the proof of Theorem [°]
2). [10
Robust control desigrivery few papers have addressed ro-
bustness issues in the control of nonholonomic systems. Robust
stabilization of WMRs in chained form was obtained in [30] and
[31] by applying iteratively an open-loop command; exponen-
tial convergence to the desired equilibrium is obtained for smali!2]
perturbations in the kinematic model. Another solution to the
regulation problem based on the backstepping framework wgs3]
proposed in [32]. A conceptually different approach to the de-
sign of effective control laws in the presence of nonidealitieg, 4
and uncertainties is represented by learning control, as shown
in [26]. We also note that perturbations acting on nhonholonomic
mobile robots are not of equal importance: a deviation in a di-[15]
rection compatible with the vehicle mobility is clearly not as
severe as a deviation which violates the kinematic constraini46l
of the system (e.g., lateral sliding).

Use of exteroceptive feedbadkoprioceptive sensors, such [17]
as encoders, become unreliable in the presence of wheel slip-
page. As a result, the robot may progressively “lose” itself in[18]
the environment. A solution is to close the feedback loop with
exteroceptive sensors providing absolute information about the
robot localization in its workspace; sensor fusion techniques ar%gl
relevant at this stage. The design of sensory feedback for non-
holonomic robots is at the beginning stage but growing fast(20]
Preliminary results with visual feedback from a fixed camera
system are described in [33].
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